Abstract. In this paper we deal with the controllability problem for some Sobolev type equations. We show that the equations cannot be driven to zero if the control region is strictly supported within the domain. Nevertheless, we also prove that it is possible to control the equations using controls which have a moving support, under some assumptions on its movement.
Introduction
Let Ω Ă R N pN ě 1q be a bounded connected open set whose boundary BΩ is regular enough. Let T ą 0 and O be a nonempty subset of Ωˆp0, T q. We will use the notation Q " Ωˆp0, T q and Σ " BΩˆp0, T q.
In this paper we deal with controllability properties for some pseudo-parabolic equations of the form pI´γLqB t y`My " f,
where γ is positive real number and L and M are linear partial differential operators in the spatial variable of order 2l and m with m ď 2l, respectively ( [12, 18, 19, 20] ). More precisely, we consider the following two problemsˇˇˇˇˇˇˇy t´∆ y t´∆ y " vχ O in Q, y " 0 on Σ, yp¨, 0q " y 0
in Ω (1.2) andˇˇˇˇˇˇˇy t´∆ y t`d ivpApx, tqyq " vχ O in Q, y " 0 on Σ, yp¨, 0q " y 0
in Ω, (1.3) where A " pa 1 , . . . , a N q is a given vector field and χ O P C 8 pQq with supp χ Ă O. Our goal in this paper is to investigate the null controllability problem:
given T ą 0 and y 0 P H 1 0 pΩq find a control v P L 2 pOq such that the associated solution of (1.2) presp. (1.3)q satisfies:
yp¨, T q " 0, in Ω. Equations such as (1.1) are a particular case of the so called equations of Sobolev-Galpern type, see [8, 21] . These type of equations appear for instance in the study of problems associated with the flow of certain viscous fluids, in the theory of seepage of homogeneous liquids in fissured rocks, see [3] , and surface waves of long wavelength in liquids, acoustic-gravity waves in compressible fluids, hydromagnetic waves in cold plasma, acoustic waves in anharmonic crystals, see [4] . In particular, equations (1.2) and (1.3) are know as the Barenblatt-Zheltov-Kochina equation and the multidimensional Benjamin-Bona-Mahony equation, respectively (see for instance [1, 2, 3, 4, 17] ).
Regarding controllability for equations (1.2) and (1.3), as far as we know, the only results available in the literature were obtained in the one-dimensional setting. Indeed, in [16] it is proved that equation (1.3) , with A being a constant, cannot be steered to zero if ω Ř Ω is a proper subset. However, the proof given in [16] can be only performed in the 1d setting, since it relies on the moment method. For a positive controllability result for (1.2), we cite [22] , where the authors consider the problem on the torus and an prove that if one make the control to move in time, in order to cover the whole domain, it is possible to drive the solution to zero. Also related to the controllability of (1.3), we cite [23, 24] , where the unique continuation property is studied.
In this paper, we analyze the null controllability of equations (1.2) and (1.3) in the multi-dimensional setting. First, we show that both equations (1.2) and (1.3) cannot be steered to zero if the control is fixed and localized in a proper open subset of Ω. More precisely, we prove the following negative results. Theorem 1.1. Let T ą 0 and ω Ř Ω be a fixed open set. If O " ωˆp0, T q then system (1.2) is not null controllable at time T , i.e., there exists y 0 P H 2 pΩqˆH 1 0 pΩq such that the null controllability of system (1.2) fails.
3) is not null controllable at time T , i.e., there exists y 0 P H 2 pΩqˆH 1 0 pΩq for which the null controllability of (1.3) does not hold.
It is worth to mention that Theorems 1.1 and 1.2 are closely related to the fact that the principal part of (1.2) and (1.3), given by B t ∆, has vertical characteristic hyperplanes which makes impossible to recover any information localized along these characteristics (see Section 2). In fact, the proof of both results relies on the construction of highly localized solutions (gaussian beams). For Theorem 1.1 we construct such solutions by means of Fourier transform (for similar constructions see [13, 14] ). On the other hand, since the vector field A in equation (1.3) depends on both the space and time variables, we can not use Fourier Transform to prove Theorem 1.2. Therefore, we will use a different approach based on asymptotic expansion of solutions.
The second main part of this paper is devoted to obtain positive null controllability results for equations (1.2) and (1.3). In fact, since the main obstruction to the null controllability with localized fixed controls is the existence of concentrated solutions, we ask the control to move so that we can see the information that would be lost otherwise, i.e., we make the control to move in time in order to cover the whole space domain.
Before stating the main positive results, we give the precise definition on the movement of the controls. We take the control domain determined by the evolution of a given reference subset through a flow X : R Nˆr 0, T sˆr0, T s Ñ R N , which is generated by some vector field F P Cpr0, T s;
(1.4)
We make following geometric requirements:
There exist a smooth bounded domain ω 0 Ă R N , a curve Γ P C 8 pr0, T s; R N q, and two times t 1 , t 2 with 0 ď t 1 ă t 2 ď T such that:
Xpω 0 , t, 0q " tXpx, t, 0q; px, tq P ω 0ˆr 0, T su; (1.6) ΩzXpω 0 , t, 0q is nonempty and connected for t P r0, t 1 s Y rt 2 , T s;
ΩzXpω 0 , t, 0q has two (nonempty) connected components for t P pt 1 , t 2 q; (1.8) @θ P Cpr0, T s; Ωq, Dt P r0, T s, θptq P Xpω 0 , t, 0q, (1.9) where the flow X is generated by an admisible velocity field F P Cpr0, T s; W 2,8 pR N ; R N qq.
Definition 1.4 (Moving control region).
A moving control region is defined as O ω " Ť tPr0,T s rXpω, t, 0q X Ωst tu and for any t ą 0 a time section is defined as O ω ptq " Xpω, t, 0q X Ω.
We will prove the following positive controllability results. It is worth mentioning that the idea of making the control to move in order make the system become controllable has been used for many different problems in the past few years, see [6, 10, 11, 15] . Here we will use the approach introduced in [5] , based on Carleman inequalities, which allows us to treat multi-dimensional problems.
Negative Controllability Results

2.1.
Barenblatt-Zheltov-Kochina with fixed controls. We prove Theorem 1.1. Here we assume that O is of the form ωˆp0, T q, where ω is a proper open subset of Ω.
For analyzing the controllability of (1.2) we will make use of the following decomposition:ˇˇˇˇˇˇˇˇu´∆
Indeed, the solution of equation (1.2) satisfies up¨, T q " 0 if and only if the solution of system (2.1) satisfies wp¨, T q " 0.
From duality arguments, the null controllability for system (2.1) with control supported in ωˆp0, T q is equivalent to the existence of a constant C ą 0 such that the observability inequality
holds for all ψ T P L 2 pΩq, where ψ, together with ϕ, is the solution of the adjoint systemˇˇˇˇˇˇˇˇϕ´∆ 
where C is a positive constant independent of .
Proof. Let us first consider the system (2.3) posed in
with ψ T P L 2 pR N q. Taking the spatial Fourier transform, one verifies that
whereψ T is the Fourier transform of ψ T . Now let θ be a real smooth function supported in B 1 p0q with }θ} L 2 pR N q " 1 and for each ą 0 consider
where ξ P R N , |ξ| " 1 and x 0 is a point around which we will localize our solution. Let pψ ,φ q be the solution of (2.6) associated toψ T . Sinceψ T P L 2 pR N q, let pψ ,φ q be the solution of (2.5) with initial datumψ T , the inverse Fourier transform ofψ T . Claim 1. There exist two constants C 1 , C 2 ą 0, independent of , such that
Proof of Claim 1. We haveψ
and by Parseval's identity
Proof of Claim 2. Let us show the estimate forφ . Similar arguments give the estimate forψ . Sinceφ
by the change of variables ζ " ? pξ´ξ q we see thať
From the fact that
for |x´x 0 | ě δ and for any integer k ą N {4, we havě ϕ px, tq " p´1q
For small, one can prove that the term in ∆ k ζ in the above integral is bounded uniformly with respect to and then the following estimate holds
Analogously, we have
and this gives the estimate forφ .
Claim 3. Letψ T as (2.7) and pφ ,ψ q the associated solution of (2.5). Then,
and from Claim 1 we have e´2
which gives the result.
We now finish the proof of Proposition 2.1. To do that, consider x 0 P Ωzω 0 and
As before, take pψ ,φ q the solution of (2.5) associated toψ T , the inverse Fourier transform ofψ T . Consider pψ ,φ q the restriction of pψ ,φ q to Ωˆp0, T q. Thus,ˇˇˇˇˇˇˇˇφ
whereψ T :"ψ T | Ωˆp0,T q and q :"φ ˇˇB Ωˆp0,T q . From Claim 2 and Claim 3, we have that
respectively. Now, let pϕ ‹ , ψ ‹ q be the solution ofˇˇˇˇˇˇˇˇˇϕ
Noticing that q P L 2 p0, T ; H 1{2 pBΩqq, one can show that ψ ‹ P H 1 p0, T ; L 2 pΩqq and the following estimate holds
Nevertheless, because q :"φ ˇˇB Ωˆp0,T q , by trace estimate and Claim 2, we deduce that
Finally, defining pψ , ϕ q " pψ `ψ ‹ ,φ `ϕ ‹ q, we see that pψ , ϕ q solves (2.3) and by (2.16)-(2.17) we obtain (2.4).
2.2.
Benjamin-Bona-Mahony with fixed controls. We now prove Theorem 1.2. Here we assume that O " ωˆp0, T q, where ω is a proper open subset of Ω.
The null controllability for system (1.3) with control supported in ωˆp0, T q is equivalent to the existence of a constant C ą 0 such that the observability inequality
holds for all ψ T P L 2 pΩq and ψ is the solution of the adjoint equatioňˇˇˇˇˇˇ´ψ
In order to prove Theorem 1.2, we show that the observability inequality (2.18) does not hold for every ψ T P L 2 pΩq.
with ξ 0 P R N zt0u and let δ ą 0 be such that B δ px 0 q Ă Ω and B δ px 0 q X ω " H. For h ą 0, we introduce the function
Apx, τ qdτ¨∇f 0´i
(2.20)
Remark 2.2. Since |∇αpxq| ě |ξ 0 | ‰ 0 for all x P Ω, f 1 and f 2 are well-defined and supp f 1 p¨, tq Ă supp f 0 , supp f 2 p¨, tq Ă supp f 0 for all t P r0, T s.
It is easy to check that ψ h P C 8 pQq satisfiešˇˇˇˇˇˇ´ψ
(2.22)
Let now ϕ P H 1 p0, T ; H 2 pΩq X H 1 0 pΩqq be the unique solution ofˇˇˇˇˇˇ´ϕ
(2.23)
For h small enough, we have
From standard energy estimates, one deduce that
for h small enough. Now, since ψ hˇωˆp 0,T q " 0, it follows that
On the other hand, we have
From (2.27) and (2.28), it follows that the observability inequality (2.18) cannot hold for every ψ T P L 2 pΩq. This proves Theorem 1.2.
Positive Controllability Results
This section is devoted to prove Theorems 1.5 and 1.6. First, let us recall the weight functions needed to apply moving controls and their consequences in terms of Carleman inequalities.
In what follows, we assume that X and ω 0 satisfy Assumption 1.3, and for each open set ω Ă R N , with ω 0 Ă ω, we choose ω 1 , ω 2 nonempty open sets in R N such that
The following weight function is constructed in [5] .
Lemma 3.1 ( [5] ). There exist a positive number τ P p0, mint1, T {2uq and a function η P C
Next, we introduce a real function r P C 8 p0, T q, symmetric with respect to t " T 2 and such that for τ ą 0, as above,
for T 2 ď t ă T and define the weights γpx, tq " e ληpx,tq px, tq P Ωˆp0, T q, αpx, tq " rptqpe 2λ}η}8´γ px, tqq px, tq P Ωˆp0, T q, ξpx, tq " rptqγpx, tq px, tq P Ωˆp0, T q, α˚ptq " max xPΩ αpx, tq t P p0, T q,
where λ ą 0 is a parameter that will be chosen large enough. The following Carleman inequality is proved in [5] .
Lemma 3.2. There exist positive real numbers λ 1 ą 0, s 1 ą 0 and C 1 ą 0 pdepending on Ω and ω 0 q such that for all λ ě λ 1 , all s ě s 1 and all q P H 1 p0, T ; L 2 pΩqq, the following inequality holds
We recall that O ω2 ptq " Xpω 2 , t, 0q X Ω (see Definition 1.4). For our purposes, we prove the following two new Carleman inequalities for the Laplace operator.
Lemma 3.3. There exist positive real numbers λ 2 ą 0, τ 2 ą 0 and C 2 ą 0, independents of t, such that for all λ ě λ 2 , all τ ě τ 2 and all z P C 0 pr0, T s; H 2 pΩq X H Lemma 3.4. There exist positive real numbers λ 3 ą 0, τ 3 ą 0 and C 3 ą 0, independents of t, such that for all λ ě λ 3 , all τ ě τ 3 and all pg, Gq P H 1 p0, T ; L 2 pΩqˆL 2 pΩq N q, the solution z ofˇˇˇ´∆
for all t P r0, T s.
For sake of completeness, we give a sketch of the proofs of Lemmas 3.3 and 3.4 in Appendixes A and B, respectively.
3.1. Barenblatt-Zheltov-Kochina with moving controls. In this section we show the null controllability for equation (1.2) . In fact, Theorem 1.5 is a direct consequence of the following result.
Proposition 3.5. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă R N , with ω 0 Ă ω. For any z 0 P L 2 pΩq, there exists a moving control v P L 2 pO ω q such that the solutioňˇˇˇˇˇˇˇˇy´∆
We prove Proposition 3.5 by showing that there exists C ą 0 such that
with pϕ, ψq solution ofˇˇˇˇˇˇˇˇˇϕ´∆
By a straightforward argument, the proof of the observability inequality (3.9) is reduced to the following Carleman inequality: Theorem 3.6. Under Assumption 1.3. For any T ą 0, ω Ă R N , with ω 0 Ă ω, there exist positive constants s 0 , λ 0 ě 1 and C, only depending on Ω and ω, such that, for any ψ T P L 2 pΩq, the solution pϕ, ψq to the adjoint system (3.10) satisfies: ĳ
for all s ě s 0 pT`T 2 q and for all λ ě λ 0 .
Proof. First, applying Lemma 3.2 to (3.10) 2 and taking λ large enough, we obtain
Next, applying Lemma 3.3 to (3.10) 1 , we obtain
for λ ě λ 0 and τ ě τ 0 .
To connect this elliptic estimate with (3.12), we set
we multiply by e´2
and we integrate with respect to t in (0,T). Let us remark that the last choice of τ will be greater that τ 0 whatever we take s 0 ě τ 0 , then we deduce ĳ
Adding (3.12) and (3.13), and absorbing the lower order terms by taking λ large enough, we get ĳ
(3.14)
Next, we need to eliminate the local integral of ϕ appearing in the right hand side of (3.14). For that, we first take the time derivative in first equation of system (3.10) and use the second equation of the same system to see that ϕ t solves the following elliptic equation
Then, from (3.14) and energy estimates for (3.15), it is not difficult to see that
Combining (3.14) and (3.16), we get
Now, let us introduce the function
where ϑ is a cut-off function satisfying
This way, we have that
Then, using (3.10) 2 , we obtain
Now, let us estimate the terms M 1 and M 2 . From Cauchy-Schwarz inequality, we have 20) for any δ ą 0.
On the other hand, integrating by parts with respect to t in M 2 , it yields
For M 1 2 , we notice that, for every δ ą 0, we obtain
Since |ξ t |`|α t | ď sξ 2 , for every δ ą 0, we infer that
2 is estimated as the term M 1 :
for any δ ą 0. Combining (3.17) and (3.19)-(3.22), and absorbing the lower order terms, we conclude the proof of Theorem 3.6.
Remark 3.7. Notice that if the initial data ψ T P H 1 0 pΩq, then ψ and ϕ satisfyˇˇˇˇˇˇ´ϕ
respectively. In spite of seeming that the equations are decoupled, one can observe that, their are coupled by the initial data once they satisfy an elliptic equation, i.e. ϕ T´∆ ϕ T " ψ T .
Remark 3.8.
in Ω, (3.26) which leads to the adjoint systemˇˇˇˇˇˇˇˇ´ξ
(3.27)
However, here ξ T P H´1pΩq, for which we do not know how to prove a Carleman inequality for the ODE part of the decomposition.
3.2.
Benjamin-Bona-Mahony with moving controls. In this section we prove the null controllability for the Benjamin-Bona-Mahony equation (1.3) . Here, we use a slightly different proof as the one given in the previous section for the Barenblatt-Zheltov-Kochina equation. Theorem 1.6 is a consequence of the following result:
Proposition 3.9. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă R N , with ω 0 Ă ω. Then, for any z 0 P L 2 pΩq, there exists a moving control v P L 2 pO ω q such that the solutioňˇˇˇˇˇˇˇˇy´∆
in Ω.
(3.28)
Once more, one can see that Proposition 3.9 is equivalent to find C ą 0 such that
where pϕ, ψq solvesˇˇˇˇˇˇˇˇˇϕ´∆ ϕ " A¨∇ψ in Q, Theorem 3.10. Under Assumption 1.3. For any T ą 0, ω Ă R N , with ω 0 Ă ω, there exist positive constants s 0 , λ 0 ě 1 and C, only depending on Ω and ω, such that, for any ψ T P L 2 pΩq, the solution pϕ, ψq to the adjoint system (3.30) satisfies:
Proof. We begin applying the Carleman inequality given by Lemma 3.2 to (3.30) 2 , which gives and integrate with respect to t in p0, T q. The last choice of τ will be greater that τ 0 whatever we take s 0 ě τ 0 , hence we deduce that
(3.32)
Adding (3.31) and (3.32), and absorbing the lower order terms by taking λ large enough, we get
Now, let us introduce ω 3 such that ω 2 Ă ω 3 Ă ω 3 Ă ω and the function ζpx, tq :" ϑpXpx, 0, tqq, where ϑ is a cut-off function satisfying
This way, we have that 
Since A¨∇ψ :" ∇¨pAψq´ψ∇¨A P H´1pΩq, the solution for (3.30) 1 satisfies the following weak formulation pϕ, wq`p∇ϕ, ∇wq "´pAψ, ∇wq´pψ∇¨A, wq @w P H 1 0 pΩq. Using the previous formulation with w " ζe´2 sα ϕ, we obtain
Now, for B 1 2 , we easily deduce that
For B 2 2 , we notice that, for every δ ą 0, we obtain
Since ∇pζe´2 sα q " e´2 sα p∇ζ`2sλξζ∇ηq, for every δ ą 0, we have that To finish the proof, we need the following claim.
Claim 4. There exist constants λ 3 ą 0, τ 3 ą 0 and K P p0, 1q, independents of t P r0, T s, such that for all λ ě λ 3 and all τ ě τ 3 we have (A.4)
Proof of Claim 4. The claim follows immediately from the existence of τ 0 , λ 0 ą 0 such that the estimates 2τ 3 ∇γ¨∇|∇γ| 2´τ ∆ 2 γ ě Aτ 3 λ 4 γ 3 , t P r0, T s, x P ΩzXpω 1 , t, 0q |2τ 3 ∇γ¨∇|∇γ| 2´τ ∆ 2 γ| ď 3A´1τ 3 λ 4 γ 3 , t P r0, T s, x P Xpω 1 , t, 0q.
holds for every τ ě τ 0 and for all λ ě λ 0
